Abstract. We wish to investigate whether there is an extension to the base ΛCDM cosmology that can resolve the tension between the Planck observation of the cosmic microwave background anisotropies and the local measurement of the Hubble constant. We consider various plausible extended models in this work, and we use the Planck 2015 observation, combined with the baryon acoustic oscillation data, the JLA type Ia supernovae data, and the local measurement of the Hubble constant (by Riess et al. in 2016) , to make an analysis. We find that the holographic dark energy plus sterile neutrino model can reduce the tension to be at the 1.11σ level, but this model is obviously not favored by the current observations. Among these extended models, the ΛCDM+N eff model is most favored by the current observations, and this model can reduce the tension to be at the 1.87σ level. By a careful test, we conclude that none of these extended models can convincingly resolve the H 0 tension.
Introduction
In the past few decades, by accumulating large amount of accurate measurement data of distanceredshift relation and large-scale structure of the universe, a prototype of the standard cosmological model, i.e., the Λ cold dark matter (ΛCDM) model, has been established. In the ΛCDM model, dark energy is provided by a cosmological constant Λ (equivalent to the vacuum energy density) and dark matter is cold. It has been found that a spatially-flat ΛCDM cosmology with purely adiabatic, Gaussian initial fluctuations can explain and fit various observational data quite well. In particular, the observation of the Planck satellite mission [1] strongly favors a basic 6-parameter ΛCDM cosmology.
However, in recent years, it was found that some cracks appear in the ΛCDM cosmology in the aspect of observation. For example, using the Planck observation of the cosmic microwave background (CMB) power spectra, the base ΛCDM model predicts a lower value of the Hubble constant, compared to the local measurement based on the method of distance ladder. In 2016, Riess et al. [2] gave a result of the local measurement of the Hubble constant, H 0 = 73.00 ± 1.75 km s −1 Mpc −1 (hereafter R16), which is 3.3σ higher than the fitting result of 66.93 ± 0.62 km s −1 Mpc −1 predicted by the Planck collaboration [3] assuming the ΛCDM model with 3 neutrino flavors having two massless neutrinos and a mass of 0.06 eV. The H 0 tension between the R16 result and the Planck data has attracted lots of attention of cosmologists. On one hand, the distance ladder measurement has reduced the uncertainty (of R16) to 2.4%, which is a significant improvement compared to the previous local measurements of H 0 with the 3-5% uncertainty [4] [5] [6] [7] . On the other hand, the ΛCDM fitting result of H 0 given by the Planck observation has a less than 1% precision [1] . Thus, both the two methods give precision measurements, but they are in significant, more than 3σ, tension.
The H 0 tension has stimulated some serious investigations on the possible systematic errors in either the Planck observation or the local measurement, but all these efforts failed to identify any obvious problem with either analyses [8] [9] [10] [11] [12] [13] [14] . On the other hand, great efforts have been made to reconcile the two measurements by extending the base ΛCDM cosmology. For example, Refs. show that considering extra parameters in the ΛCDM cosmology can relieve H 0 tension between the Planck data and the local measurement of the Hubble constant. Refs. [15, 28] point out that a dynamical dark energy with w < −1 at low redshifts prefers a high value of H 0 . Refs. [20-22, 26, 28, 29, 31-35, 38, 39, 46] show that considering extra relativistic degrees of freedom N eff in the ΛCDM model favors a high value of H 0 when N eff > 3.046. In addition, considering a coupling between dark energy and dark matter also can affect the constraint results of H 0 [16, 17, 19, 27, 30, 36, 41, 43, 45] . The impacts of these extra parameters on the fit value of H 0 can help relieve the H 0 tension. Obviously, considering all these extra parameters can definitely pull H 0 towards a higher value [25, 26, 44] , relieving the H 0 tension to a great extent, but this does not mean that such an extension is favored by current observations. We thus wish to know if there is an extended model that both can relieve the H 0 tension and can be also favored by the current observations.
In this paper, we investigate several possibilities to reconcile the Planck data and the R16 result by considering extra parameters based on the ΛCDM model. We called these models extended ΛCDM (eΛCDM) models. For these eΛCDM models, they have at least one more parameter than the base ΛCDM model. By making comparison of constraint results of these eΛCDM models, we wish to see if there exists a model that not only can reconcile the Planck data and the local measurement of H 0 , but also is favored by current observations. The structure of this paper is arranged as follows. In Sec. 2, various eΛCDM models are briefly described. In Sec. 3, we introduce the observational data and the analysis method used in this paper. In Sec. 4, we give constraint results of these eΛCDM models, and discuss if there is an extension to the ΛCDM model that is reasonable to relieve the tension between the Planck data and the local measurement of H 0 . Conclusion of this work is drawn in Sec. 5.
Extensions to the base ΛCDM cosmology
We consider several extensions to the ΛCDM cosmology in order to relieve the H 0 tension. In this work, a spatially flat universe is considered, and thus the Friedmann equation is given by
where ρ r0 and ρ m0 are the current radiation density and matter density, respectively. The energy density of dark energy can be written as
where ρ de0 is the current dark energy density and w is the equation-of-state parameter of dark energy. In the ΛCDM model, the vacuum energy is served as dark energy which has w = −1. Six base parameters of this model include the energy densities of baryon ω b and cold dark matter ω c , the acoustic angular scale θ * , the reionization optical depth τ , and the amplitude A s and the spectral index n s of primordial scalar fluctuations. For eΛCDM cosmologies, we first consider three dynamical dark energy models, which are the wCDM model with a constant w, the holographic dark energy (HDE) model [48] [49] [50] with w(z) = −1/3−(2/3c) Ω de (z), where c is a dimensionless parameter and the function Ω de (z) is determined by a differential equation (see Eq. (18) in Ref. [48] ), and the Chevallier-Polarski-Linder (CPL) model [51, 52] with w(a) = w 0 + w a (1 − a). The first two models are one-parameter extensions (w for the wCDM model and c for the HDE model), and the CPL model is a two-parameter extension (w 0 and w a ) to the ΛCDM model.
Then, we consider a coupling between dark energy and dark matter. We wish to extend the ΛCDM cosmology in this aspect, and thus we assume that vacuum energy interacts with cold dark matter. In this scenario, the vacuum energy density is no longer a pure background, but is a dynamical quantity. Such a model is called the Λ(t)CDM model or the IΛCDM model. For more detailed introduction to the Λ(t)CDM model, see Refs. [30, 41, 43, 53] . In this paper, we take the energy transfer rate of Q = βHρ c as a typical example, where β is a dimensionless coupling parameter, and in this model the parameter β is the only extra parameter compared to the ΛCDM model. β > 0 is defined as the case of cold dark matter decaying into the vacuum energy, and vice versa. To solve the large-scale instability problem of the interacting dark energy cosmology [54] , we apply the extended parametrized post-Friedmann (PPF) approach for interacting dark energy cosmology [30, 41, 43, 45, [55] [56] [57] [58] . In Refs. [30, 41, 43, 57] , it is shown that, under the extended PPF framework, we can explore the whole parameter space of the Λ(t)CDM model without any divergence of the perturbation of dark energy.
Next, we consider some other extensions to the ΛCDM cosmology. We consider the models with dark radiation (the effective number of relativistic species, N eff ) and massive sterile neutrinos (N eff and m eff ν,sterile ). Namely, we consider the ΛCDM+N eff model and the ΛCDM+N eff +m eff ν,sterile model. Owing to a positive correlation between N eff and H 0 , the addition of the parameter N eff in models can affect the constraint on H 0 . It should be mentioned that, when sterile neutrinos are considered, we must have N eff > 3.046, and in order to be distinct from the effects of cold or warm dark matter on the CMB, we assume m thermal sterile < 10 eV, following the Planck collaboration [1] .
Finally, we would like to mention that some works have tried to relieve the H 0 tension by considering multi-parameter extensions. As shown in Ref. [33] , the H 0 tension can be relieved fairly well in the HDE model with sterile neutrinos. Refs. [1, 18, 23] indicate that the tension could be relieved in the ΛCDM model with both m ν and N eff . In this paper, we revisit constraints on these multi-parameter models. It should be pointed out that in this work we assume a normal hierarchy case for the neutrino mass in the ΛCDM+ m ν +N eff model, for which the reason is that the current observations have evidently favored the normal hierarchy case of the neutrino mass over the inverted one, as shown in Refs. [39, 43, [59] [60] [61] .
Data and method
In this work, we use the Planck 2015 full-mission CMB temperature and polarization (TT, TE, EE) power spectra data, together with the Planck 2015 CMB lensing power spectrum data, presented in Ref. [62] . In what follows, they are simply called "CMB" data.
In addition, we employ the baryon acoustic oscillation (BAO) data and the "Joint-Light Analysis" (JLA) sample of type Ia supernovae observation, to effectively break degeneracy among cosmological parameters. The BAO data include the measurements from the Date Release 12 of the SDSS-III Baryon Oscillation Spectroscopic Survey at z eff = 0.32 and z eff = 0.57 [63] , the 6dF Galaxy Survey at z eff = 0.106 [64] , and the Main Galaxy Sample of Data Release 7 of Sloan Digital Sky Survey at z eff = 0.15 [65] . The JLA sample contains 740 type Ia supernovae data obtained from SNLS and SDSS as well as a few points of low redshift light-curve analysis [66] . [67] (hereafter R18) with a 2.3% uncertainty. The tension is thus increased to 3.8σ between R18 and the 2015 Planck data (giving H 0 = 66.93±0.62 km s −1 Mpc −1 using the Planck TT, TE, EE+lowP data), but actually the uncertainty is only slightly reduced compared to R16. Hence, in our work, we still take the R16 measurement as a prior to combine other astrophysical data, which does not affect our discussion of the H 0 tension between the Planck data and the local measurement of the Hubble constant.
In our work, we employ the χ 2 statistic method to perform the cosmological global fits. For each data set, we have χ
ξ , where ξ obs and ξ th are the experimentally measured value and the theoretically predicted value in cosmological models, respectively, and σ 2 ξ is the standard deviation. Thus, in this paper, the total χ 2 of the CMB+BAO+JLA+H 0 data can be written as
In general, the χ 2 comparison is sufficient and very popular for comparing different models with the same number of parameters. A smaller χ 2 min means a better fit for a model. However, for models with different number of parameters, a model with more parameters tends to lead to a smaller χ 2 . Under the circumstance, the χ 2 comparison is unfair for comparing models. Thus, in this work, we also consider the Akaike information criterion (AIC) to compare different models. We have AIC = χ 2 min + 2k, where k denotes the number of cosmological parameters. Actually, we only care about the relative value of the AIC between different models, i.e., ∆AIC = ∆χ 2 min + 2∆k. A model with a smaller value of AIC is more supported by current observations. In this work, the base ΛCDM model is served as a reference model. In general, we say that, compared to the reference model, a model with 0 < ∆AIC < 2 is substantially supported, a model with 4 < ∆AIC < 7 is considerably less supported, and a model with ∆AIC > 10 is essentially not supported.
In this work, we modify the Boltzmann code CAMB [68] to calculate the CMB power spectra for these eΛCDM models, and also use the Markov-chain Monte Carlo package CosmoMC [69] to explore the parameter spaces in these models (from which we can obtain the posterior distributions of parameters, as well as the best-fit points with χ 2 min , and 1σ and 2σ boundaries, etc). For details of the calculation methods, we refer the reader to Refs. [68, 69] .
In the calculations, we assume flat priors for the cosmological parameters. In order not to affect the results of parameter estimation, we choose the prior ranges for the parameters to be much wider than the posteriors. For the 6 base parameters in the ΛCDM model, the prior ranges of them are chosen to be the same as those used by the Planck collaboration (see Table 1 in Ref. [70] We first constrain the base ΛCDM model using the CMB+BAO+JLA data and obtain H 0 = 67.78
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, which is 2.89σ lower than R16. To obtain a higher H 0 , we combine R16 with the CMB+BAO+JLA data, i.e., we also use the CMB+BAO+JLA+H 0 data. In this case, the result of H 0 = 68.09 ± 0.45 km s −1 Mpc −1 is larger than the one from the CMB+BAO+JLA data, but is still 2.72σ lower than R16. In other words, there is still about 3σ tension between R16 and the global fit of H 0 .
In Tables 1 and 2 , we show the constraint results of H 0 and the tension between them and R16 in various eΛCDM models. These models include the wCDM model, the HDE model, the Λ(t)CDM model, the ΛCDM+N eff model, the CPL model, the ΛCDM+ m ν +N eff model, the ΛCDM+N eff +m eff ν,sterile model, and the HDE+N eff +m eff ν,sterile model. In Table 1 , we also give the For the models with one more parameter than the ΛCDM model (see Table 1 ), we obtain H 0 = 69.34±0.93 km s for the ΛCDM+N eff model. Correspondingly, the H 0 tension between them and R16 are reduced to 1.85σ for the wCDM model, 1.67σ for the HDE model, 1.88σ for the Λ(t)CDM model, and 1.87σ for the ΛCDM+N eff model, indicating that single-parameter extensions to the ΛCDM model can relieve the H 0 tension to some extent. Among these single-parameter extended models, the HDE model is the most effective one to relieve the H 0 tension. However, compared with the base ΛCDM model, we find that the HDE model has ∆χ 2 min = 17.840 and ∆AIC = 19.840, indicating that the HDE model is excluded by the current observations from a statistical point of view. For the wCDM model, the Λ(t)CDM model, and the ΛCDM+N eff model, they all are favored by the current observations. We find that among these models the ΛCDM+N eff model is most consistent with the current observational data, which has ∆χ 2 min = −2.242 and ∆AIC = −0.242. This model can also effectively relieve the H 0 tension to be at less than (but still around) 2σ level.
Next, we give constraint results of multi-parameter extensions to the ΛCDM model. As can be seen from Actually, from the constraint results of H 0 in these eΛCDM models, we find that they all can relieve the H 0 tension to 2σ or less. As shown in Fig. 1 , considering these extra parameters in the ΛCDM model can affect the constraints on the Hubble constant H 0 because of having strong correlations between them, i.e., (i) w and c are anti-correlated with H 0 , (ii) β and N eff are positively correlated with H 0 . Synthetically speaking, from the statistical point of view, among these models, the case of considering N eff in the ΛCDM is the best one to relieve the H 0 tension, which has ∆χ 2 min = −2.242 and ∆AIC = −0.242. In the ΛCDM+N eff model, a higher H 0 can be obtained when N eff > 3.046. This is because a higher N eff leads to a smaller sound horizon (r * ) at recombination. To keep the acoustic scale (θ * ) fixed at the observed value, H 0 must rise (θ * = r * /D A ) to obtain a smaller angular diameter distance D A .
Although among these extended models the ΛCDM+N eff is the most preferred one and it can reduce the H 0 tension to be at the 1.87σ tension, obviously such a model cannot truly resolve the tension. Actually, this model tends to introduce other tensions, such as a higher σ 8 value [33, 39, [71] [72] [73] . Therefore, by testing the various plausible extended models, we find that actually none of them can convincingly resolve the tension with R16 measurement of H 0 .
Conclusion
We wish to investigate whether there is a plausible extension to the base ΛCDM cosmology that can resolve the tension between the Planck data and the R16 measurement (H 0 = 73.00 ± 1.75 km s −1 Mpc −1 ). We consider several single-parameter extensions including the wCDM model, the HDE model, the Λ(t)CDM model, and the ΛCDM+N eff model. In addition, we also consider several multi-parameter extensions, such as the CPL model, the ΛCDM+ m ν +N eff model, the ΛCDM+N eff +m eff ν,sterile model, and the HDE+N eff +m eff ν,sterile model. We combine the Planck 2015 CMB data with the BAO data and the JLA data to make the analysis. We find that in the ΛCDM model there is about 3σ tension between the CMB+BAO+JLA data and R16. Hence, we further use the CMB+BAO+JLA+H 0 (R16) data combination to obtain a higher value of H 0 , but we find that about 3σ tension still exists in the ΛCDM cosmology.
In the above extended cosmological models, we find that the H 0 tension indeed can be reduced to be at less than 2σ level, among which the HDE+N eff +m eff ν,sterile model and the HDE model are the most effective ones to relieve the H 0 tension (1.11σ and 1.67σ). But, from the statistical point of view, they are actually excluded by the current observations since their ∆AIC > 10 (∆AIC = 19.840 for the HDE model and ∆AIC = 22.276 for the HDE+N eff +m eff ν,sterile model). By comparing the values of χ 2 min and AIC of all these extended models, we find that the ΛCDM+N eff model is the best one among these extended models to reconcile the Planck data with the local measurement of the Hubble constant. This model can relieve the H 0 tension to be at the 1.87σ level and it has ∆χ 2 min = −2.242 and ∆AIC = −0.242. But actually even this model cannot truly resolve the H 0 tension (since the tension is still at around 2σ level).
In conclusion, by a careful test, we find that none of the extended cosmological models that we have investigated in this work can convincingly resolve the tension of the Planck 2015 data with the R16 measurement of the Hubble constant.
Note added Recently, the Planck 2018 results were released [74] , which is the final release of the Planck mission. This work was done before the release of the Planck 2018 results. Also, the Planck 2018 data have still not been released. Thus, in this work, we use the Planck 2015 data to make an analysis.
